Approximating solutions to the differential equation dy/dx f(x,y) where f(x,y) y by a generalization of the modified Euler method yields a sequence of approximates that converge to e. Bounds on the rapidity of convergence are determined, with the fastest convergence occuring when the parameter value is 1/2, so the generalized method reduces to the standard modified Euler method. The situation is similarly examined when f is altered.
solutions to differential equations. The modified Euler method offers greater refinement, as shown in Ross [i] . Let us recall in this setting we wish to solve the equation dy/dx f(x,y) subject to the condition Y(Xo) YO 
Yn n-(l-p) n-(l-p) and clearly Yn approaches e. We note here that p 1 produces the same sequence as the Euler method, and p 1/2 produces the same sequence as the modified Euler method.
2.
e.
MAIN RESULTS.
One is now led to ask which value of p yields the sequence that best approximates suggests one could examine the family of functions f (x) (i + i/x) x + (l-p).
P
The expression for Yn (2.1) this. It follows that p .5 yields the best approximation to e because any value p' greater than .5 can be improved upon by, say, (p' + .5)/2. Perhaps Euler knew something that we haven't given him credit for when he chose p 1/2 instead of an alternate weighting system! To determine, how, quickly f.5 converges to e, we wish to find N such that x > N implies f.5(x) e is bounded above by > O. To this end we have
is referred to the articles by Darst, Dence and Polya [2] [3] [4] for further details on
These functions fall into one of three types, depending on the size of p. The function f is decreasing for p _z .5, is increasing for p > (-i + V5)/2, and is P decreasing at first then eventually increasing for .5 < p (-i + V5)/2. A it follows that the fastest convergence to e is when (1-p)A A/2, or p 1/2. This is because (i + A/n) n + is decreasing to e A for -A/2, with the fastest convergence at a A/2. We remark here that some of the above monotonicity properties could be alternately derived by examining the logarithm of (I + A/x) Bx + C.
The rapidity of this convergence can be discussed by considering the functions f (x) given by (2.16) (we know y re+l) and y(1) 1/(m+1)) Using M EM of (1 6) and 
